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In this paper, a new characterization and a quantification of lamination are presented. The
lamination is identified by tracking material lines and by the estimation of the ratio between
the length of the material lines within circles and the diameter of the circles. The quan-
tification of the lamination rate relies on the interlaced structure of velocity and Lagrangian
acceleration, which allows the determination of the spatial variation of the Lagrangian angular
velocity. Those definitions are illustrated using quasi-steady flows driven by electromagnetic
forces using mono- and multi-scale configurations with turbulent-like properties. Both exper-
imental and numerical data are used to compute folding rate intensities and lamination for
a large range of length scales. Good agreement is found between grid deformation and the
prediction of lamination rate, an agreement further confirmed by the measure of lamination.
The quantification of lamination is simple and well defined at chosen length-scales. Also,
the present form applies to any lines and can be extended to 3D flows. The lamination rate
process rely on physical quantities which scale according to the structures’ length-scales. It
is shown that the lamination rate increases with the reduction of the length-scales and in
particular it is found that R˙fol ∼ ℓ
−3/4. In turbulent flows, the lamination should then be
faster within small coherent structures. This quantification of lamination rate, complemented
by a measure of lamination opens new routes for the description and the quantification of
mixing in complex and turbulent flows.
1. Introduction
Osborne Reynolds, in his seminal talk [1], compared mixing in flows with a baker
stretching and folding pastry. It is since well known that combinations of stretching
and folding can significantly increase flow mixing. This is illustrated on Fig. 1,
which shows the evolution of coloured strip (material line) for several stretching-
laminating cycles in a simple flow. During each cycle, the material line (n = 1,
red band, 0) is first stretched by the mean shear (n = 1, yellow band, 1) and
then laminated by the swirling flow (n = 1, black band, 2). After three cycles, the
material black line is striated, i.e. a line crossing this structure will cross alternated
layers of black and white. After only five cycles, a dramatic increase in striations and
material line length is observed in Fig. 1. Lamination and shear, use independantly,
lead to a linear growth of the line length and the striation; when combined, the
increase is exponential. This is usually illustrated by the baker process given in
Fig. 2 [2]: first, the black strip is stretched to double its size, then it is cut in two
equal pieces and both parts are stacked, forming alternated layers of black material
strips and the white surrounding. The repetition of this process is the key factor
to the exponential growth.
While processes producing fast and local exponential stretching are relatively
well-known and characterised (e.g. finite-strain maps, finite-time, local Lyapunov
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exponents, hyperbolic stagnation points, [3–7]), the quantification of lamination
and folding is still largely unexplored.
Lamination is defined as the ensemble of processes which builds striated struc-
tures. Such structures can then be expended before being laminated again, hence
generating a dramatic increase of interfaces length. In Fig. 2, this corresponds to
the cut-and-stack. Also, folding, which is part of laminating processes, is often
related to the need for stretched flow structures to remain in a confined domain
[8].
Recently, Bajer et al. [9] showed that, due to differential rotation, the lamination
increases the diffusion in the centre of analytical vortices. Accordingly, the ana-
lytical whorl illustrated in Fig.3 highlights a higher lamination where the deriva-
tive of the angular velocity is the highest. In addition, once laminated structures
are exposed to high strain, they are stretched and compressed. In Fig. 4, a stri-
ated structure initially represented with four light-grey bands is compressed and
stretched within a pure strain region, extending the length of the interface, hence
enhancing mixing. During this process, the distance between the striations can be
dramatically reduced, leading to an increase in concentration gradients and diffu-
sion between the different layers.
The control of lamination and folding is crucial to improve mixers both at low
and high Reynolds number. In complex and turbulent flows, laminated structures
can be observed within and around coherent eddies. Once such coherent eddies are
merged and/or broken, the laminated domain is stretched. This can then either
contribute to a local increase of mixing or be part of a multi-stage baker-like pro-
cess. More generally, this can occur during the evolution of scalar pattern within
flow regions which present topological changes in time (e.g. from elliptic to hy-
perbolic in Okubo-Weiss partition, [8, 10, 11], see also [12] for three-dimensional
flows). The description of these processes is still largely unexplored in turbulent
flows. This may be due to the absence of an accepted definition of lamination within
flows and to the high computing cost associated with the characterisation of mate-
rial elements within complex flows. Nevertheless, the measure and the prediction
of lamination and folding are important for the fundamental analysis of stirring
and mixing.
To date the characterization of lamination and folding often relies on qualitative
visualisations [13–16]. In this paper, we introduce a measure of lamination and a
quantification of the lamination rate process. This process and measure are then
quantified and illustrated using canonical flows driven by mono- and multi-scale
electromagnetic forcing [17]. The aim is to provide a basic analytical description of
the mixing process of turbulent flows, based on few assumptions. The first one is
that any turbulent flow has some persistent geometrical patterns that contribute
to mixing. Indeed, the contribution to turbulent mixing of coherent structures
and associated saddle points has been highlighted by previous authors, e.g. [18,
19]. The temporal persistence of such geometrical pattern and coherent structures
has also been the focus of many studies, e.g. [20–24]. The second assumption is
that lamination and folding mechanism occurring in complex flows can be studied
using a complementary set of basic flow features. Finally, we assume that canonical
patterns persist during their typical turn-over time, which will be considered as a
long time-scale reference to characterise lamination.
Two basic flow configurations, complying with the above assumptions, are being
investigated in this paper. The first set corresponds to a single scale of forcing.
By varying the angle of forcing, different flow geometries can be generated: a pure
strain region surrounded by four recirculating domains, a “cat’s eyes” flow and an
eddy-like recirculation. The second set corresponds to a multi-scale forcing con-
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figurations which reproduces flows with eddies-within-eddies, with turbulent-like
properties: the particular arrangement of the magnets leads to a power-law energy
spectrum E(k) ∼ k−p, with p prescribed by the specific arrangement [25, 26], and a
Richardson-like diffusion [27], driven by the multi-scale distribution of high stretch-
ing regions, with the mean square separation of pairs of fluid element evolving like
∆2 ∼ t3 [5].
2. Quantification of lamination and lamination rate
The terms lamination and lamination rate should be understood in broad sense.
The lamination corresponds to the effective striation of material lines. The lami-
nation rate represents the rate at which a material line is bent and/or rolled so as
to generate striations. To the author knowledge, it is the first characterisation of
lamination rate within flows. This description relies on physical quantities driving
the flow dynamics. The measure of lamination, proposed in section 2.2, goes be-
yond the measure of material line curvatures, e.g. [28], and differs from previous
methods, like Horseshoe maps [29] or the geometrical quantification of the interface
pattern [30]. The current definition is more straightforward and computationally
efficient, and it defines precisely a length-scale of the measure which is independent
of the material line.
2.1. Laminating process
The Lagrangian acceleration, a, represents the force exerted on a fluid-element
(particle fluid) by its surrounding. It governs the alteration in direction and inten-
sity of the Lagrangian velocity, uL, associated to this fluid-element. The Navier
Stokes equations, Eq. (1), describe the spatial and temporal evolution of the La-
grangian acceleration and flow velocity, u, at the spatial position x. The three
terms on the r.h.s. of Eq. 1 represent the action of pressure, viscous and body
forces, respectively.
a =
∂uL
∂t
=
∂u
∂t
+ (u · ∇)u = −
1
ρ
∇P + ν∆u+
1
ρ
f (1)
At time t, the Lagrangian velocity of a fluid-element is equal to the flow velocity
at the position of the fluid-element, i.e. uL(t) = u(xE, t), where xE is the spatial
location of the fluid element. The notation u(xE, t) will be simplified to u and the
flow is considered as being constituted of an infinite number of fluid elements.
The definition of the lamination rate is based on the ability of the resultant forces
to bend and roll a material line at different angular velocities. For this, we consider
the alignment between the velocity vector and the Lagrangian acceleration. More
precisely, we use the component of the acceleration ap perpendicular to the velocity,
to determine the local Lagrangian angular velocity, θ˙, i.e. the rate of change of
direction of the Lagrangian velocity vector at position x around the local rotation
vector, ef . These terms are defined as:
ap = a− at ; at =
(u · a)u
u · u
(2)
θ˙ =
√
ap · ap
u · u
; ef =
u× ap
||u× ap||
(3)
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It should be noted that (u/||u||,ap/||ap||, ef ) defines a Frenet frame attached to
the fluid element, e.g. [31]. Also, θ˙ is related to the trajectory curvature κ, which
has been the focus of recent studies in turbulent flows [31, 32], θ˙2 = κ2u · u.
The lamination rate of a material line element dℓ around the direction ef is
defined using the spatial variation of θ˙. This spatial variation is evaluated by ∇θ˙
and represents the differential winding or twisting as introduced by [2] for the
Linked Twist Map. For each element dℓ of a material line ℓ, a folding rate tensor is
built based on the local gradient of the Lagrangian angular velocity. The product of
a material line element by this tensor give the lamination rate around the directions
ef , for each element dℓ, [33]:
R˙fol =
∫
ℓ
∣∣∣∇θ˙ · dℓ∣∣∣ (4)
To extract the lamination rate potential of flows for a given length-scale L, the
folding rate intensity is simplified to
R˙fol = ||∇θ˙||L (5)
where ∇θ˙ has been filtered at size L. This formulation considers that the material
line L is perfectly aligned with the gradient of rotation to highlight the laminating
potential of flows without computing all possible shapes taken by L. In practice, to
consider the direction of the lamination rate, the value of ∇θ˙(ef · ec) is filtered by
averaging within mobile windows of size L. ec represents either an axis of reference
or a curvilinear reference. For example, this curvilinear reference can be chosen as
the center-line of a vortical structure.
This quantification applies to whorls, tendrils and any flow structure. It is the
persistence and coherence in time and in space that indicates the type of laminated
structures generated. When the spatial variation of the Lagrangian angular velocity
is coherent and sustained over a given domain, the striations within this domain
increase with its size. The lamination rate potential increases similarly with the
length-scale over coherent domains.
2.2. Measure of lamination
The lamination is measured by estimating the total length of the material line
within circles (sphere in 3D) of diameter φ, centred on any point of the material
line, and then dividing it by φ:
Ml =
1
φ
∫
l∈disc
dl (6)
The position of the circle gives the spatial position of the measure and the diam-
eter of the circle corresponds to the length-scale considered. It should be noticed
that when φ → 0 then Ml → 1. For values of
∫
l∈disc dl larger than φ, the line is
considered to be folded and/or striated. Hence, the higher the value of Ml, the
higher the likelihood that the line pattern is laminated. If the lamination is ho-
mogeneous, Ml should increase with φ. If the lamination is local, i.e. takes place
within a flow structure of characteristic length-scale φc, then Ml should decrease
locally when φ increases and φ >> φc.
Maps of lamination indicate the location and the intensity of the laminated re-
gions. They are built by considering a large number of material lines and extracting
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the lamination along these lines.
The circular measure is performed along material lines initially straight which
are tracked in time. Fig. 5 shows a line after a time t, deformed by a velocity field,
and two circles of same diameter for two different positions along the material
line. For the circle on the left, the line appears as straight and the lamination
measure Ml will be close to 1. For the circle on the right, three line segments
are crossing the circle: the central one is slightly bent, the segment above it is
straight, and the segment beneath it is folded. These three segments contribute to
the lamination of the material line within the domain defined by the circle. For
this case, the lamination coefficient Ml of this line will be between 2 and 3. The
present measure goes beyond the quantification of curvatures and single bending.
Indeed, this measure can estimate the lamination related to bending, rolling and
the accumulation of lines within the measurement domain.
3. Electromagnetically driven flows
Electromagnetic forces, f(x), with f = j × B, allow the generation of rotational
body forces within flows, [34, 35]. Both magnetic field B(x) and electric current
density j(x) can be tuned to produce tailor-made actuations. This provide a great
flexibility in term of design and adjustment of the forcing intensity. They have
been used in a variety of fundamental and applied research in fluid mechanics, e.g.
generation of chaotic and turbulent flows to study mixing [36, 37], generation of
vortices [38, 39], drag reduction [40–43], flow separation delay [44], boundary layers
manipulation [45], heat transfers enhancement [46, 47] and turbulent-like flows e.g.
[5, 26]. At low Reynolds number, such body forcing can also be used to design
bespoke flows, [17].
Fig. 6 shows a schematic of the shallow layer flow driven by electromagnetic
forcing used in the present study. The magnetic field is produced by permanent
magnets placed underneath the brine supporting wall. An electrolysis, imposed
by positive and negative electrodes placed on both side of the tank, control the
electrical current crossing the brine. The brine is made by mixing 158g/l of salt
(NaCl) with tap water. The viscosity ν is 1.33 10−6m2/s, the density ρ is 1105 kg
m−3 and the conductivity σ is 16.6 S m−1, [48].
In the present case, the fluid conductivity σ is low and the magnetic field is
stationary. The induction equation can then be simplified to a purely diffusive
magnetic field, ∇2B = 0. In addition, the relative velocity between the flow and
the permanent magnet is low and the Ohm’s law can be simplified to j = σE
where E is the imposed electric field. The electromagnetic forces are consequently
assumed to be independent of the flow velocity (for more details see [34, 45, 49, 50]).
3.1. Experiments
Experiments are performed in a tank of horizontal size, 500mm × 800mm, with
a brine supporting wall of size, 500mm × 600mm. The thickness of the brine is
H =6mm. The brine-supporting walls are kept straight and horizontal, with a
standard deviation of the order of 0.1 mm. A single-pair of cubic NdFeB magnets
is supported by a 2cm thick iron plate. The side-length of the magnets is equal to
LM=40 mm and they are spaced by 40 mm, see top view given in Fig. 7a. Their
magnetic intensity is Br = 0.68T. The North and South top surfaces are placed
at 3.7 mm from the brine. The combination of the magnetic field generated by
this pair of permanent magnets is combined with a quasi-uniform electric current
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density (j=13.5 A/m2 with I=48.6mA) to produce electromagnetic forces. The
geometry of the forcing is then controlled by the position of the magnets which is
given by the angle between the pair of magnets and the electric current, Fig. 7(a).
The raw velocity field is measured by Particle Image Velocimetry (PIV) us-
ing a 14 Hz camera (2048 pixels × 2048 pixels, 14 bit) and a picture frame of
441mm×441mm. Pliolite DF01 particles (diameter varying between 100µm and
200µm, density: 1.03) are used to seed the free surface. PIV post-processing is per-
formed with an in-house code (iterative method with sub-pixel accuracy for the
measured displacements). The typical maximal displacements are about 16 pixels
per frame and the smallest correlation window of the iterative process is of 16
pixels × 16 pixels. The characteristic values of the correlation coefficients of these
measurements are about 0.9. The PIV grids are computed with 222 × 222 points
leading to a distance between two velocity points of 8 pixels. The experimental
data are well resolved in space and time: the length of the PIV correlation window
is more than ten times smaller than the magnets length with, an overlap of 50%
and the temporal resolution allows real-time PIV between consecutive pictures for
a continuous sequence. This enables the extraction of the spatial distribution of
the velocity and acceleration fields via an hybrid PIV-PTVA (Particule Tracking
Velocimetry and Accelerometry) procedure. The PTVA algorithm [51] is applied
on a virtual Lagrangian tracking (the temporal integration is performed using 4th
order Runge-Kutta algorithm, with a time step adjusted to a quarter of the mesh
size divided by the maximum velocity, and the spatial interpolation is performed
using a 2nd-order Lagrange polynomial). Note that real-time tracking based on
the PIV data has been tested, but no improvement was gained compared to PTVA
based on virtual tracking. It mainly added non-negligible noise when compared to
virtual tracking. A very large number of virtual particles are tracked. This is to
ensure that more than 18 positions are present in almost each window of 16 pixels
× 16 pixels. New grids are then extracted, while keeping a distance of 8 pixels
between two grid points. The PTVA algorithm [51] is run with a ∆target = 32 pix-
els which corresponds to twice the size of the smallest correlation windows. This
ensures that eddies as small as 5 pixels in diameter (i.e. smaller than the mesh
size) can be resolved by the PTVA algorithm. We favor this approach rather than
a direct derivation of the space and time resolved PIV data, as this improve the
quality.
Experiments are performed with a constant electromagnetic forcing. The refer-
ence scale for acceleration is aref =
1
ρfrms ≃ 0.003m/s
2, where frms is the root
mean square of the electromagnetic forces over the measurement domain. Different
flow geometries can be generated by varying the orientation of the magnets with
respect to the electric field. This induces variations of root mean square values
(over the measurement domain) of velocity, urms, and Lagrangian acceleration,
arms. Table 1 gives the corresponding values for the three orientations considered:
0◦, 15◦, 90◦.
In the following, distances are non-dimensionalised using the magnet size LM ,
the reference velocity is uref =
√
frmsLM
2ρ ≃ 0.015m/s, and the reference lamination
rate is R˙ol−ref = aref/uref ≃ 0.19rad/s. The reference time is simply defined as
the ratio between the reference length and velocity. Non-dimensional quantities are
indiced with the superscript +, i.e. R˙+fol−rms = R˙fol−rms/R˙fol−ref , L
+ = L/LM ,
t+ = t/tref .
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Angle urms arms arms/urms
0◦ 1.73 0.291 5.95
15◦ 1.88 0.297 6.32
90◦ 1.98 0.265 7.47
Table 1. Main flow characteristics. urms is in mm/s, arms is in mm/s
2, arms/urms is in s
−1.
Size (cm) 4 8 16 32 64
jx 13.3 12.46 12.03 11.803 11.69
arms 0 0.0147 0.0115 0.00756 0.00433 0.0023
arms 15 0.0136 0.0107 0.0072 0.0042 0.00228
arms 90 0.0147 0.0116 0.00816 0.00492 0.00267
urms 0 0.129 0.146 0.156 0.161 0.163
urms 15 0.131 0.147 0.158 0.162 0.164
urms 90 0.155 0.171 0.182 0.188 0.19
Table 2. Values used for simulations, for the three configurations (0◦, 15◦ and 90◦). jx is in A/m
2, urms and
arms are non-dimensionalized using
1
νρ
frmsH
2 and 1
ρ
frms, respectively.
3.2. Numerical simulations
All direct numerical simulations presented are carried out with a finite differ-
ence code, using 6th-order compact scheme for spatial discretization and 3rd order
Runge-Kutta scheme for time derivatives. Poisson equation is solved directly using
Fourier decomposition. The electromagnetic forcing model is based on an analytical
model [35, 52], considering the 3D distribution of the permanent magnets. Previous
numerical simulations have been carried out and validated for different intensity
of the forcing, geometries and brine thickness which were chosen accordingly to
experiments (more details in [17, 50]).
Magnets are modeled with a height equal to 2LM and a magnetic intensity at
the center of Br = 0.68T. The brine thickness is constant and set to H =5mm, its
density ρ = 1105 kg/m3, its kinematic viscosity ν = 1.33 10−6m2/s.
In section 4.2.2, the size of the magnets varies from LM to 16 LM , and the
distance between the brine of the upper surface of the magnets is set equal to the
tenth of the magnet size. frms is kept constant by adjusting the electrical current
density. The simulations are performed with a minimal resolution (nx, ny, nz) of
129× 17× 129 within a domain of size 10LM ×H × 10LM and with wall (no-slip)
boundary conditions. Results are extracted at y = 0.625H.
4. Mono-scale forcing
Three canonical flow structures, driven by electromagnetic forcing, are used to as-
sess the definition of lamination and lamination rate (Secs. 2.1 and 2.2). A number
of experimental and numerical studies have been performed for a large range of
forcing scales and for different orientation of the magnets.
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4.1. Flow structures
Different flow geometries can be generated by the pumping of the flow above a pair
of permanent magnets, Fig. 8(a), depending on the orientation of the magnets,
with respect to the electrical current. The flow configurations are named according
to this angle. For all cases, the flow is laminar, quasi-two-dimensional and quasi-
steady for the low forcing intensity considered [17].
The configuration 0◦ corresponds to the impact of two opposite jets. These jets
produce a region of high strain around an hyperbolic stagnation point. With or-
thogonal manifolds, this region can locally be considered as pure strain. In addition,
this configuration also produces four smaller recirculating regions.
As shown in Fig. 8(c), these recirculating regions correspond to domains where
the Lagrangian acceleration is converging toward focus points which are located
at the centre of the recirculating domain. The high strain region produced by the
impacting jets corresponds to a domain where acceleration lines are emanating
from a source point.
The configuration 15◦ corresponds to the impact of two jets which are slightly
off-axis. This produces a region of high strain with non-orthogonal manifolds, i.e. a
combination of pure strain and shear. Four recirculating regions are also produced.
In this case, two recirculating regions are smaller and of stronger velocity intensity
than the other two. The streamlines around these two recirculating regions create
a “cat’s eyes” shape.
The configuration 90◦ corresponds to a single recirculation, eddy-like structure,
generated by two parallel jets in opposite directions. The topology and geometry
for this flow is different from the previous two configurations, both for velocity and
acceleration. Still, the recirculation corresponds to acceleration lines converging
toward the focus node of the recirculation region.
Visualisations of an initially regular grid are shown on Fig. 9, for all three con-
figurations. Grids are tracked during many turnover times and their temporal evo-
lution can be seen on videos movgrid0.avi, movgrid15.avi, movgrid90.avi. Grids
deformation of Fig. 9 are extracted after one turn-over time, based on the magnets
length and urms. For all cases, the grid is mostly deformed in the central part of
the domain, where the velocity and velocity gradient are high. For 0◦, a strong
deformation in regions of high strain, close the hyperbolic stagnation point, is ob-
served. Fig. 9, 0◦, also shows a rolling of the lines within the recirculating domain.
At 15◦, the grid visualisation reveals the “cat’s eyes” shape, with a strong rolling
of the line around both “eyes”. Bent and folded lines can also be observed above
the magnets, where the flow is pumped, and in the region emanating from the
hyperbolic domain associated with the central stagnation point. The visualisation
for 90◦ shows a rolling of the grid lines around the center of the recirculation zone.
The grid is only slightly deformed within the central region, for what look like a
solid body rotation.
4.2. Identification of the laminating rate
Visualisations of Fig. 9 and corresponding animations show that the three flows
considered present different laminating patterns. The quantification of laminating
rate presented in section 2.1 is now applied to these configurations, in order to
extract the mechanisms leading to lamination.
4.2.1. Scales and patterns of the lamination rate
To characterize the lamination rate, Eq. 5 is computed over the whole domain,
using the procedure described in section 2.1. For practical consideration, the small-
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est length-scale accessible is equal to the size of the PIV mesh ℓm.
First the rms of the lamination rates, R˙+fol−rms, is estimated for scales varying
from the mesh size to four times the size of the magnet, i.e. from L+ = 0.043 to
L+ = 4 . Fig. 10 gives the evolution of R˙+fol−rms as a function of the non-dimensional
length L+. R˙+fol−rms reaches its maximum values for typical length-scale about one
decade higher than the mesh size, and for a scale just above the magnet size.
This indicates that these flow structures laminate more efficiently at a particular
length-scale. For the configuration 15◦, this length-scale is slightly higher, and the
maximum is found at L+ = 1.38. This value is noted L+fol, and will be used later
as a reference scale. Also, it is striking that the configuration 90◦ has a much lower
lamination rate than the two other configurations for length smaller than L+ = 2,
which corresponds to the spacing between the magnet centres. Compared to 0◦
and 15◦, the lamination rate is becoming significant at 90◦ only for length-scales
larger than L+ = 1. This is in good agreement with the visualisations given in Fig.
9 where the main lamination occurs around the center of the recirculation zone.
The spatial distribution of R˙+fol are given in Fig. 11 for L = ℓm, L = Lfol/2
and L = Lfol. For all three cases, the lamination rate magnitude is minimum at
the mesh size. In particular at 90◦, it is one decade lower than at L+fol, and not
much above the noise level of the measure. For 0◦ and 15◦, the lamination rate
observed at the mesh size is concentrated in the region surrounding the hyperbolic
stagnation point. Close to this point, the acceleration redistributes the velocity in
a very sharp way. This abrupt change in direction is illustrated by the streamlines
in Fig. 8.
At large scale (L = Lfol/2 and L = Lfol), the lamination rate intensity is higher
over larger portion of the domain, for all flow configurations. The largest intensities
are still found along the principal directions. These directions correspond to the
direction of V-shaped bands observed in the visualisations, Fig. 9, and to the
stable and unstable manifolds associated with the central hyperbolic stagnation
points in cases 0◦ and 15◦. In addition, local minima of lamination rate intensity
are associated with regions of weaker grid deformation. A comparison between Fig.
8 and Fig. 9 shows that these regions correspond to the center of the recirculations.
4.2.2. Dependence of lamination rate with the flow structures length-scale
The dependance of lamination rate with the length-scales is now explored. As
the lamination rate is expected to be controlled by the forcing length-scale, the
size of the magnets LM is varied from 4cm to 64cm using numerical simulations.
The electromagnetic forces and the brine thickness being kept constant, the rms
velocity urms increases with the magnet size, due to the extension of the accelera-
tion domain above the magnets. It should be noted from table 2 that this increase
is moderate. Indeed, it does not grow indefinitely with the extension of the forc-
ing domain. A particle starting with a zero velocity and entering a domain forced
uniformely will see its speed up increasing in time. This temporal evolution can
be simplified by considering a linear drag due to the bottom friction −αu with
α ≃ νH2 :
∂up
∂t
= f − αu ; up ∼
f
α
(
1− e−αt
)
(7)
where t is the crossing time of the particle in the force field. Due to the bottom
friction, the rms velocity is bounded when increasing the size of the forcing domain
whilst keeping the intensity of the forces constant.
There is also a significant evolution of the rms of the Lagrangian acceleration
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which indicates that the spatial distribution of the Lagrangian acceleration is char-
acteristic of the flow structure and length-scale. The driving forces and brine thick-
ness being kept constant whilst the velocity magnitude does not vary significantly,
it is the pressure distribution (depending on the magnets spacing controlling the
structure size) which drives this variations of Lagrangian acceleration, thus con-
firming the key role of pressure observed in [50].
Importantly, the characteristic frequency of the flow, given by the ratio
arms/urms, varies for more than one decade with the increase of the magnet size
(Fig. 12). In addition, it is found that armsurms ∼
(
LM
H
)−3/4
.
Figure 13 gives the evolution of the rms of the lamination rate, R˙fol−rms, non-
dimensionalized using arms/urms as a function of the length-scale, scaled by the
different magnets sizes and for the three forcing configurations: 0◦, 15◦ and 90◦.
For all configurations, the curves collapse to similar magnitudes, showing that the
lamination rate intensity scales with arms/urms, and consequently:
R˙fol ∼ R˙fol0
(
L
L0
)− 3
4
(8)
where L is the flow structure length-scale and the zero index indicates chosen
references. These results support the fact that the lamination rate scales with the
flow structure and that the lamination rate increases when flow structures length-
scales are reduced.
The two configurations based on the generation of impacting jets (0◦ and 15◦)
show very similar curves. This indicates that the geometry of the forcing controls
the flow structure, hence the lamination rate. For 90◦ (Fig. 13c), the lamination rate
depends more on the magnet size. In fact, when the size of the magnets increase,
the turnover time, based on the rms velocity (over the centre part of the domain,
5LM × 5LM ) and the magnet size LM , tends to be much larger than the typical
viscous time due to the bottom friction H2/ν. This last term is thus expected to
play an increasing role and isolates the magnets as LM/H increases. This clearly
modifies the spatial distribution of the lamination rate. The two velocity fields
shown on Figure 14 confirm this assertion. For LM = 4cm, the forcing generates
an eddy-like recirculation, while for LM = 64cm, the magnets are isolated from
each other, resulting in a cat’s eye flow structure of weak velocity intensity in the
centre. This evolution explains the variation of the lamination rate profiles observed
in Figure 13 when LM/H is increased.
4.3. Potential lamination and comparison with grid deformation
The lamination of a flow is an integrative process along the Lagrangian trajectories
of the particles defining a material line. To stress the ability of the proposed lami-
nation rate to quantify the laminating properties of flows, R˙+fol is averaged over a
time t along trajectories tracked backward in time, allowing the extraction of po-
tential lamination. The distribution and the intensity of the potential lamination
(at a given size, L) are then quantified after short and long times. The long time
of reference chosen is typically about one turn-over time. The short time-scale is
1/8 of this turn-over time. The final test is performed by comparing visualisations,
starting at −t with a regular distribution of black bands, with these mean lamina-
tion quantities. If the measure of R˙+fol is coherent, laminated domains (at size L)
should be found where the backward integration is the highest.
For the length-scale, L = Lfol, Fig 15 shows color maps obtained after a short
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(t+ = 0.61) and long (t+ = 4.9 ∼ LM/urms) integration time. Please note that the
scales are indicated by white bar on all plots. The deformed grids are superimposed
on the integrated results. For the shortest integration time, and for all three cases,
the grids are bent around maxima of lamination rate. This definition captures the
bending properties of the local “jets” observed in Fig. 8. For longer integration
time, and for the three configurations, there is a good correspondence between
grid deformation and spatial distribution of the mean lamination rate. For 0◦,
the maximum lamination is observed where the mean of R˙+fol is maximum. The
four circular areas, around the two main axis, have small integral values, and they
correspond to region where the flow has been weakly folded, as shown by the
persistence of the straight, almost perpendicular, lines. For 15◦, the eight shape
of the visualisation pattern superimposes well with the map. The local minima of
the integration correspond to a weaker lamination of the visualitation pattern and
the local maxima correspond to material lines which have been bent and/or rolled.
Finally, at 90◦, the central part of the flow appears to be in solid body rotation
and the lamination is very weak in this region. The main folding is found further
away from the center, around this recirculation.
For a smaller scale (L = Lfol/2), the superimposed grids and maps are shown on
Fig. 16. Those results are globally similar to those at size Lfol. Due to the smaller
length-scale, the maps looks sharper than in Fig. 15. For a longer integration time,
a few differences can be observed. At 0◦, maxima occur closer to the main axis,
where the strongest line folding, issuing from the central part of the domain, is
observed. Also, the weakest lamination within the center of the four recirculation
regions is less noticeable for this map. For the 15◦ case, there is also a weaker
lamination rate within the center of recirculation zone. The main difference comes
from sharper details and from the reduction of the lamination potential intensity
beside the eight shape. At 90◦, both results at size Lfol/2 and Lfol are very similar,
and only small details around the edges of the active region differ from one filtering
scale to the other.
Profiles along selected axis indicated by white arrows on Figs. 15 and 16, are
plotted in Fig. 17. For all three configurations, the lamination potential has well-
defined local maxima, and varies significantly in intensities with the length scale.
Except, for 90◦, the local maxima are slightly higher for the lamination potential
at size Lfol/2 than at size Lfol. For 0
◦, the values are extracted along a vertical
line crossing two recirculation zones and a region of strong folding. The lamination
potential at size Lfol/2 shows a peak close to the unstable manifold of the central
hyperbolic stagnation point, where the lines are folded in V-shape. At this size,
secondary plateaux are observed above the two recirculating regions. For Lfol, the
central peak previously observed vanishes and merges with the lamination potential
due to the rolling of the recirculating zones. For the 15◦, lamination rate is taken
along an horizontal line crossing one of the two strongest recirculation zones. The
plateau observed between x+ = 3 and x+ = 4 for Lfol disappear when L
+ is reduce,
because the bending of the black lines in this region is mainly observed at large
scale. One interesting feature is the sharp drop which is observed between x+ = 4.5
and x+ = 5. This drop corresponds to the boundary between the recirculation zone
and the region affected by the upper jet. The grid visualisation confirms that two
different lamination patterns occurs on both side of this point. For 90◦, the values
are exported along an horizontal line crossing the centre of the recirculation. The
two curves for Lfol and Lfol/2 are very similar, with values slightly higher at large
scale than at small scales.
Both large and small-scale lamination potential are in agreement with the su-
perimposed grid deformation. These results show the coherence of the proposed
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lamination rate. The agreement found for these three typical flows support the
fact that lamination rate can now be quantified to explore lamination in more
complex flows.
4.4. Measure of lamination
In order to measure lamination, material lines are now tracked in time for the three
flows considered above. They are randomly generated from wall to wall. Each line is
formed of particles which are tracked in time using a Runge Kutta scheme for the
advancement in time. The distance between neighbouring points is kept smaller
than 1/8 of the PIV mesh size. If the distance between neighbouhring points is
larger than this size, a particle is added within the initial (at t = 0) distribution
of the particles forming the material line. More than 48,000 lines are tracked to
generate the statistics, with more than 250 million particles.
Even if the flow is quasi-two-dimensional and quasi-steady, the time evolution of
these lines is not obvious. Fig. 18 shows some illustrations. There is an extremely
rich variety of possible patterns, e.g. both lines for 15◦ are very different. Also, the
lines shown on Fig. 18 do not cover the entire family of line evolutions. In addition,
the dependence of the lamination to the initial position and orientation of the
material line is important. This justifies the large number of lines and particles
tracked for each case. The two temporal animations for the lines corresponding
to the 15◦ case, can be found in movies mov-line-or15 A-mp4.avi and mov-line-
or15 B-mp4.avi.
Fig. 19 gives the average (over all realisations) distribution of lamination mea-
sures (Section 2.2) for the three flow configurations. Three examples, corresponding
to φ = LM/2, LM and 1.5LM have been selected to illustrate the evolution of the
lamination maps with the diameter of the circle.
For 0◦ (first row, Fig. 19), the lamination measured increases with the size of
the circles. This is due to the integration of lamination over an increasing number
of scales. For a diameter φ smaller than LM , lamination coefficients are lower
than 2. Maxima are found where the flow is bent. For φ = LM , areas where the
lamination accumulates due to the flow recirculation appears. When the size is
increased further (φ = 1.5LM ), the importance of recirculation regions increases.
An asymmetry, also noticeable for the lamination rate, can be observed in the
bottom left quarter and is due to experimental conditions. Indeed, such asymmetry
is difficult to see by just considering velocity and acceleration independently. For
15◦, (second row, Fig. 19), the intensity of laminated domains increases significantly
with the diameter of the circles. In particular, the cat’s eyes structure is found to
strongly laminate within (and around) each eye. Also, this local level of lamination
is significantly higher for the 15◦ than for the 0◦ configuration. For 90◦, (third
row, Fig. 19), and for the three diameters, the lamination is always smaller than 2.
Lamination domains are mainly found at the edge of the recirculation region and
above the magnets.
5. Application to multi-scale flows with turbulent-like properties
The lamination characterization and lamination rate are now applied to laminar
multi-scale flows with turbulent-like properties [5, 26].
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5.1. Flow structure
Experimental and numerical results describing velocity and acceleration fields for
the multi-scale arrangement of magnets can be found in [50]. The three forcing
length-scales (i.e. size of magnets) are 0.25LM , LM and 4LM . The multi-scale gen-
eration of counter-jets creates a structure of “eddies-within-eddies”. The topology
of these flows are quite similar for the range of forcing considered. The energy
spectra and pair separation statistics of these flows are similar for a broad range
of Reynolds numbers [5, 26, 50]. However, the details appears to be quite different.
Indeed, the visualisation given in Fig. 20 highlights a lamination within eddies at
intermediate scales for Re = 3 which is much more intense than for Re = 25, with
Re = urmsH/ν.
5.2. Lamination rate
Fig. 21 gives the evolution of the root mean square (over space) of the lamination
rate as a function of filtering length-scales. For low Reynolds numbers, a peak
of lamination appears for a length-scale slightly larger than the medium scale of
forcing. This local maximum of lamination rate is consistent with the lamination
of material bands observed on Fig. 20, where laminated domains are observed
within intermediate size recirculations. For higher Reynolds numbers, this peak
disappears. At intermediate Reynolds numbers, a plateau of lamination rate can
be observed between L+ and 6L+.
The lamination rate maps are plotted in Fig. 22, for three different scales
(L+ =0.4, 1.6 and 6) for Re = 3 and Re = 25. The plots at intermediate and
large scale respectively correspond to the peak of lamination and to the end of
the plateau on Fig. 21. The lamination rate at small length-scales, L+ = 0.4, is
mainly observed above the small and medium magnets. When the length scale in-
creases, the intensity of the lamination rate tends to decrease and the laminated
region tends to increase. This indicates that the lamination rate are more intense
at small-scales. Nevertheless, for the multi-scale flows considered, the small scales
cover only a small part of the flow domain. Consequently, they have a small impact
on the global statistics of Fig. 20.
There are also significant differences in spatial distribution of lamination rate
between Re = 3 and Re = 25. The lamination rates are more intense at small and
medium scales for Re = 3 than for Re = 25. Lamination is thus expected to be
different at Reynolds Re = 3 and Re = 25, which is in agreement with Fig. 20.
These results show that the lamination rate is sensitive to geometrical changes
within multi-scale flows of similar topology and forcing. If statistics such as two-
particle dispersion, e.g. [53], may not be very sensitive to lamination, the evolution
of material lines is strongly affected by the laminating properties of flows. The
difference between the low and high Reynolds numbers demonstrated for these flows
shows the importance of the lamination rate to complement existing description of
mixing and stirring properties within complex flows.
5.3. Lamination potential and comparison with grids deformation
Fig. 22 compares the potential lamination maps with the grid deformation given
in Fig. 23. As for the mono-scale case, the agreement between grid deformation
and lamination potential is good, particularly at small and medium scales. Indeed,
bending and rolling of material bands are observed close to maximum potential.
For small length-scales, L+ = 0.4, (Fig.23a), the lamination potential is found
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with maxima above small flow structures. For Re = 3, rings of higher intensities are
also observed around the recirculation associated to the medium scales of forcing.
For Re = 25, these rings are replaced by tongues of lower intensities.
For intermediate length-scales, L+ = 1.6, (Fig.23b), a high lamination potential
appears within the recirculations associated with the medium scale of forcing for
the low Reynolds number case. Also, elongated regions of high lamination potential
intensity are noticed for both Reynolds numbers.
Finally, for the largest scale considered here, L+ = 6 (Fig.23c), Re = 3 has
lower lamination potential values than at small scales. Re = 25 shows a higher
lamination potential for the flow in between scales of forcing. The agreement be-
tween lamination potential and grid deformation is less obvious at this scale as the
material bands have been deformed at all scales and not only at L+ = 6.
5.4. Measure of lamination within multi-scale flows
Fig. 24 illustrates two different line tracking for Re = 3 and Re = 25. As for the
mono-scale case, the possible patterns strongly vary with line positions and orien-
tations. As expected, the multi-scale structure of the flow increases the complexity
of the lines evolution.
Fig. 25 gives the distribution of the laminated domains using the measure, Ml,
of lamination within circles. Results are given for Reynolds numbers Re = 3 and
Re = 25, and three circles diameters corresponding to the magnets sizes, L+ = 0.25,
L+ = 1 and L+ = 4. For both Reynolds numbers, the maxima of lamination are
dominated by the small scales. This is in agreement with shorter turn-over times
above the small-magnets and also the discussion of section 4.2.2, where it was found
that lamination rate increases with the reduction of the flow structures sizes. For
both Reynolds numbers, the laminated domain increases with the diameter of the
measurement circle.
For Re = 3 and L+ = 0.25, laminated structures appear above the small recircu-
lation regions, but they also appear in rings around the medium recirculation, and
trails emanating from the medium-scale region. When the diameter of the circles
is increased, L+ = 1, the lamination appears within medium-scale recirculation
and is still strong at small-scales. For the circle of diameter L+ = 4, the maxima
are still found at small and medium-scales. Domains of lamination also appear in
between the previous structures due to the extension of the circle diameter.
For Re = 25 and L+ = 0.25, the laminated structures mainly appear above the
small scales. This pattern is conserved for circles of diameters L+ = 1. When the
circle diameter increases to L+ = 4, the lamination measured above the small-scales
reduces more than for Re = 3. These reductions (for both Re = 3 and Re = 25)
are due to the increase of the measurement domain whilst the highest lamination
is local and at smaller scales than the considered diameter.
These results within multi-scale flows complement those obtained with single-
scale forcing. They show that the measure of lamination can be an effective way
to quantify domains which have been folded/striated and with what intensity they
have been laminated.
6. Relations between lamination rate and measure
To the authors’ knowledge, there is no exact relation between the lamination rate
(Eq. 5) and the measure Ml. This section is aimed at bridging both defintions.
The relative growth G of a material line due to the lamination rate at size L and
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during time T can be estimated as:
G(L, T ) =
∫ L
0
∫ T
0
R˙fol(l, t)
2πl
dldt (9)
It was shown in previous sections that the lamination rate is correlated with
the measure of lamination. Considering that the growth given by equation 9 corre-
sponds to an increase of the total length within circles of diameter L, an expected
relation should be in the form:
Ml(L, T ) ≃ 1 + αG (10)
where α is a function of time- and length-scales considered, and could also depend
on the flow.
Fig. 26 gives the evolution of the rms lamination measured and G, for the three
mono-scale and two multi-scale configurations. The temporal integration of the
lamination potential is performed over the duration corresponding to the lamina-
tion measure, (Fig. 19 and Fig. 25). These times are t+ = 4.9 for the mono-scale
forcing cases and one-turnover time (4LM/urms) for the multi-scale cases.
For all the configurations, similar tendencies are observed. The same order of
magnitude is found between the increase of the measure with L and the values of
the integral of the lamination rate. These estimations rely on spatial and temporal
integration over long durations of lamination rates varying by more than one decade
in magnitude. Also, for both estimations, the configuration 15◦ and 0◦ are found to
laminate more than the configuration 90◦. Similarly, the multi-scale case Re = 3
is found to laminate more than the case Re = 25.
α is not far from a constant for the multi-scale flows, but it is not the case for
the one-scale configurations. For the multi-scale configurations, α is close to 1.5 for
both Reynolds numbers. Significant variation of α are observed for the mono-scale
configurations for length-scales L+ smaller than 1. When the Ml is high enough
(i.e. > 1.2), α still tends to decrease with L+ and α ∼ 1.4.
These results show a good agreement on the lamination intensity between the
measure and the lamination rate approach, even if the relation between both quan-
tities is not exact. In fact, it should be noticed that the measure via the estimation
of the line length within circles integrate all laminating mechanisms from the small-
est to the largest scales. The measure of lamination goes beyond the integration
of the lamination rate proposed from the smallest to the length-scale considered.
For example, the movie mov-line-or15 B-mp4.avi shows how two parts of the line,
initially far away, are gathered together, increasing locally the lamination. Also,
the proposed quantification of lamination rate relies on the alignment between La-
grangian acceleration and velocity, bending mechanisms related to maximum of
velocity without variation of acceleration (e.g. 1D infinite Poiseuille flow) will not
be captured by the proposed quantification of lamination rate whilst they will be
by the measure Ml.
The spatial comparison between the measure of lamination (Figs. 25 and 19) and
the potential lamination at a given scale (obtained via backward integration, Figs.
23, 15 and 16) is not straightforward. Nevertheless, results are coherent for mono-
and multi-scale configurations. Considering the multi-scale forcing, this coherence
includes the evolution of the lamination distribution with the length-scale. For
example, in the case Re = 3, the length-scale corresponding to the small magnets
shows lamination rates leading to a higher lamination above the small scale of
forcing, within a ring around medium-scale recirculations and within tails. A similar
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distribution is observed for the measure of lamination at the small-scale. Also, the
measure of lamination at intermediate scales is well explained by the ”addition”
of lamination rates at small and medium scales of forcing, as lamination within
the medium scale recirculations appears in the measure at this scale. In addition,
the local values of lamination intensities compare well. The lamination increment
measured within main recirculating regions is about twice as large for 15◦ than for
0◦, Fig. 19. A similar ratio is found between 15◦ and 0◦ for the potential lamination
maps and curves, Fig. 25 and 17.
7. Conclusion
A quantification of lamination rate and a measure of lamination have been defined
and applied to canonical (quasi-two dimensional and quasi-steady) one- and multi-
scale flows. The results presented in this paper support the use of the proposed
quantification of lamination rate to explore lamination driving terms. They also
support the use of the proposed measure of lamination to obtain an independent
and complementary quantification of lamination.
An agreement is found between lamination potential and grid deformation. Simi-
lar agreement is found between lamination potential and the measure of lamination.
Results are coherent for both intensity and spatial distribution. This shows that the
quantification lamination rates proposed captures leading mechanisms to laminate
and fold flows.
In addition, results discussed have highlighted the rich complexity of lamination
and lamination rate, which are closely related to flow geometries. Lamination rate
varies with the flow structure and various characteristics structures have been
discussed. Both quantification of lamination rate and measure of lamination allow
the extraction of the different stirring properties for the investigated flows. For
example, the study of lamination within multi-scale flows reveals significant stirring
differences whilst the energy spectra and topology are conserved for this family of
flows.
One important results is the growth of the lamination rate and the lamination
measured with the diminution of flow structures’ length-scale which is observed for
both one-scale and multi-scale configurations. In the context of turbulent flows, the
growth of lamination at small scales could trigger baker-like processes and/or en-
hance locally mixing and diffusion by applying strain over striated scalar patterns.
Also, in principle, this enhancement of diffusion due to the application of strain
over striated scalar domains can occur at many scales, including scales smaller
than Kolmogorov and Batchelor length-scales [54, 55]. To date, such “multi-cycle”
process is not considered in standard approaches of turbulent mixing and is still
to be measured/studied in turbulent flows.
Lamination rate and measure should be two key elements for the design of new
mixers. They should also allow a more complete description of mixing in complex
and turbulent flows.
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Figure 1. Stretching of a coloured band via cyclic combinations of shear and lamination. The building of
these cycles is illustrated for the first iteration, n = 1. Also, the whorl used to trigger lamination has a
constant angular velocity.
Figure 2. Successive stretching, cutting and stacking of material bands usually called a baker map. The
material band total length is growing exponentially within a confined domain. The domain’s length-scale
is smaller than the total length of the band after only 2 iterations.
Figure 3. Lamination within a whorl of angular velocity θ˙ = θ˙0 exp(1− (r/R)2) after 6 revolutions. The
black and red lines respectively illustrate the whorl and ∂θ˙/∂r.
Figure 4. Evolution of a striated structure in a pure strain region. The temporal evolutions are indicated
by varying the bands’ colour from from light grey (initial distribution) to black.
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Figure 5. Illustration of a line which has been stirred (cat’s eye flow structure) during one eddy turnover
time. The circles represent the measure of lamination along the material line.
Figure 6. Side view of the electromagnetic mixer rig
(a) (b)
Figure 7. Distribution of permanent magnets underneath the wall. one- (a) and multi- (b) scale configu-
rations
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(a) (b) (c)
Figure 8. (a) Schematics of the different forcing configurations. The arrows indicate the direction of the
electrical current j and of the main forces pumping the flow. (b) velocity fields, u/urms(c) acceleration
fields, a/arms.
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initial grid 0◦
15◦ 90◦
Figure 9. Illustration of a regular grid deformation over the entire PIV-PTVA domain. These visualisations
are performed by tracking fluid elements within the velocity fields during t+ ≃ 4.9.
Figure 10. Evolution of lamination rate intensity R˙+fol−rms with filtering length-scale L
+.
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0◦ 15◦ 90◦
Figure 11. Lamination rate intensity R˙+fol, for the three flow configurations, for (from top to bottom) (a)
L+ = 0.086, (b) L+ = 0.69 and (c) L+ = 1.38. Same domain as Fig. 8.
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Figure 12. Evolution of the characteristic frequency, arms/urms, versus LM/H. The line indicates
arms/urms ∼ (LM/H)
−3/4.
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(a) (b)
(c) (d)
Figure 13. Evolution of the dimensionless lamination rate intensity R˙∗ = urmsR˙fol−rms/arms with
length-scale L+. The size of the magnets varies from 4cm to 64cm, for (a) 0◦, (b) 15◦, (c) 90◦. (d) gives the
ratio of the turnover time LM/u divided by the viscous damping time H
2/ν. u is taken as the rms over the
centre domain of size 5LM×5LM . The solid line corresponds to the linear trend
νLM
uH2
= 0.0431LM
H
+0.0834.
Figure 14. Velocity fields u/urms for the orientation 90◦ and two different magnet sizes: 4cm and 64cm.
Streamlines are plotted in white. Only the centre domain of size 5LM × 5LM is plotted.
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0◦
15◦
90◦
Short time Long time
color scale
Figure 15. Grid deformation superimposed onto color maps representing the time average lamination rate
computed for L+ = 1.38, for (left) t+ ≃ 0.61 and (right) t+ = 4.9. Zeros are shown in black and red
indicates maximum values. Color scales maxima, from top left to bottom right, are : 0.9, 0.6, 0.9, 0.6, 0.4,
0.3.
October 15, 2010 14:57 Journal of Turbulence JoT˙rossi-lardeau˙2010˙R2
26 REFERENCES
0◦
15◦
90◦
Short time Long time
color scale
Figure 16. Grid deformation superimposed onto color maps representing the time average lamination rate
computed for L+ = 0.69, for (left) t+ ≃ 0.61 and (right) t+ = 4.9. Zeros are shown in black and red
indicates maximum values. Color scales maxima, from top left to bottom right, are : 1.1, 0.7, 1.1, 0.6, 0.25,
0.2.
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0◦ 15◦
90◦
Figure 17. Profiles of the time-average lamination rate, R˙+fol, extracted from Fig. 15 and 16 along the
directions indicated by white arrows. Black and red lines correspond to L+ = 0.69 and L+ = 1.38,
respectively.
October 15, 2010 14:57 Journal of Turbulence JoT˙rossi-lardeau˙2010˙R2
28 REFERENCES
initial line 0◦ 15◦ 90◦
initial line 0◦ 15◦ 90◦
Figure 18. Examples of lines tracked in time. Initial lines (on the left) and tracked lines at t+ = 4.9 for
the three flow configurations, 0◦, 15◦, 90◦.
0◦
15◦
90◦
Figure 19. Lamination measure maps for 0◦, 15◦, 90◦, and for three different diameters φ (indicated by
circles on bottom left corner of each plot). Their diameters are: φ+=0.5, 1 and 1.5.
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(a) (b)
Figure 20. Grid deformation for the multi-scale flow configurations, for two different Reynolds numbers:
(a) Re = 3 and (b) Re = 25. Movies “grid Re3.avi” and “grid Re25.avi” gives the animation associated
with these visualisations.
Figure 21. Evolution of the lamination rate, R˙+fol−rms as a function of L
+, for different Reynolds numbers.
October 15, 2010 14:57 Journal of Turbulence JoT˙rossi-lardeau˙2010˙R2
30 REFERENCES
(a) (b) (c)
Figure 22. Lamination rate maps for the multi-scale flows, for (top row) Re = 3 and (bottom row)
Re = 25. The filtering length-scale are: (a) L+ = 0.4, (b) L+ = 1.6 and (c) L+ = 6
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(a)
(b)
(c)
Re = 3 Re = 25
Figure 23. Grid deformation superimposed onto color maps representing the time average lamination rate
computed for the length-scales: (a) L+ = 0.4, (b) L+ = 1.6 and (c) L+ = 6. Left column is for Re = 3
and right column shows maps for Re = 25.
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Re = 3 Re = 25
Figure 24. Illustration of tracked lines for Re = 3 and Re = 25. Snapshot after one turn-over time. Red
line indicates the initial position of the tracked line.
Re = 3
Re = 25
Figure 25. Measure of lamination within circles of diameters φ+ = 0.25, φ+ = 1 and φ+ = 4 for the
Reynolds numbers Re = 3 and Re = 25. The measures are performed after one turnover time 4LM/urms
in both cases. The corresponding dimensionless times are t+ = 15.6 for Re = 3 and t+ = 6.17 for Re = 25.
Only a quarter of the domain shown on Fig. 23 is represented, for clarity.
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(a) (b)
(c) (d)
Figure 26. Comparions between (a,c) measure of lamination and (b,d) relative lamination increment G
(equation 10). (Top row) Mono-scale configuration for the three magnets orientations, at t+ = 4.9. (Bottom
row) Multi-scale configurations for Re = 3 and Re = 25, comparions performed after one turnover time,
4LM/urms, i.e. t
+ = 15.6 for Re = 3 and t+ = 6.17 for Re = 25.
